ABSTRACT. -Let S be the blow-up of the projective plane at d distinct points and ψ : S → S be any surjective holomorphic map from a compact complex manifold S . We will show that all deformations of ψ come from automorphisms of S if d 3. The result is optimal in the sense that it is not true if d 2. The strategy of the proof is to use the infinitesimal automorphisms of the web geometry on S arising from the natural foliations of S induced by the pencils of the lines through the blow-up centers.
Introduction
Let ψ : X → X be a surjective holomorphic map between two compact complex manifolds. We say that a deformation ψ t : X → X, ψ 0 = ψ, t ∈ C, |t| < ε of ψ comes from automorphisms of X if there exists a holomorphic family of biholomorphic automorphisms {g t , |t| < ε} of X such that g 0 = Id X and ψ t = g t • ψ for each t. In this case, two points of X have the same images under ψ t if and only if they have the same images under ψ. This looks like a very strong restriction on the deformation ψ t . However, in recent works, it has been discovered that for many target manifolds X, all deformations of ψ come from automorphisms of the target. This is the case, for example, when the target is simply connected, algebraic and non-uniruled [7] or a Calabi-Yau manifold [5] . Moreover, in [6, 8, 9] , it was proved that this holds for many Fano manifolds of Picard number 1, excepting the projective space. It is natural to ask what happens when the target is a Fano manifold of Picard number >1. In this case, even the 2-dimensional case has not been studied. Our goal is to answer this question for the 2-dimensional Fano manifolds, namely, del Pezzo surfaces. Note that a del Pezzo surface is the blow-up of P 2 at d points in general position with d 8. We will prove the following general result.
MAIN THEOREM. -Let S be the blow-up of P 2 at three or more distinct points. Let ψ : S → S be a surjective holomorphic map from a compact complex manifold S . Then all deformations of ψ come from automorphisms of S. In particular, there is no non-trivial deformation if S has no holomorphic vector field.
In Section 2, we will show that this result is optimal, namely, when S is the blow-up of one or two points, there exist examples of deformations which do not come from automorphisms of S.
Our approach to Main Theorem is motivated by the work [9] . The key idea in that work was to use the geometric structure defined by minimal rational curves in the target X. When the target is the blow-up of P 2 , the natural analog of minimal rational curves are those rational curves with trivial normal bundle coming from the pencils of lines through the blow-up centers. But there is an essential difference in our situation from [9] . Unlike in the case of Fano manifold of Picard number 1, the geometric structure induced by deformation of a minimal rational curve on the blow-up of P 2 is rather trivial, namely, it is just a fibration. Our idea here is to exploit the nontrivial geometry of the collection of these fibrations, namely, their web geometry.
For this purpose, we will recall in Section 3, the basic notion of web geometry and some computations. However, we need no deep results from the theory of web geometry. All the computations regarding webs in this paper are elementary and use only very basic ordinary differential equations. In fact, while most works in web geometry seem to be centered around the local property, especially, the linearizability question (see [3] for a nice survey), all the webs we encounter here are linear by definition. In this regard, our result shows that even simple linear webs have interesting geometry, related to its infinitesimal automorphisms. Moreover it shows that a certain global aspect of the web geometry, having to do with the monodromy of the infinitesimal automorphisms, can play an important role in problems of algebraic geometry such as our Main Theorem.
In Section 4, we will introduce the notion of webs of fibrations, which is crucial in relating the deformations of holomorphic maps to the infinitesimal automorphisms of webs.
The proof of Main Theorem will be given in Sections 5 and 6. Logically speaking, it suffices to prove Main Theorem when S is the blow-up of P 2 at three distinct points. But when it is the blow-up at four or more points (or three collinear points), a stronger result holds, which is an analog of the classical Liouville theorem in conformal geometry [1, 15.2] . We will treat this case separately in Section 5. The proof for the blow-up at three points will be given in Section 6, using a monodromy argument.
Blow-up at one or two points
Here we will explain that an analog of Main Theorem for the blow-up of P 2 at one or two points cannot hold by giving examples of deformations of surjective holomorphic maps which do not come from automorphisms of the target. Logically, it suffices to do it only for the blowup at two points, since a family of surjective holomorphic maps to the blow-up at two points naturally induces a family of surjective holomorphic maps to the blow-up at one point. However, we will treat the case of the blow-up at one point separately, to show that there are examples which do not factor through the blow-up at two points.
Example 2.1. -Let us start with the blow-up at one point. Choose any surface M ⊂ P 3 and a point z 0 ∈ P 3 \ M to define the projection
with the vertex z 0 . Pick x ∈ P 2 such that f 0 is unramified at
where r is the degree of the surface M . Let {z t / ∈ M, t ∈ C, |t| < ε} be a deformation of z 0 along the line joining z 0 and x. Then the projection with the vertex z t defines
which is a deformation of f 0 . If M and x are chosen generically, the deformation f t cannot come from automorphisms of P 2 . Note that
Let M be the blow-up of M at s 1 , . . . , s r and S be the blow-up of P 2 at x. Then f t induces a surjective holomorphic map ψ t : M → S. The family {ψ t , t ∈ C, |t| < ε} defines a deformation of the holomorphic map ψ 0 which does not come from automorphisms of S.
Example 2.2. -The case of the blow-up at two points is a slight variation of Example 2.1. Let C ⊂ P 2 be a plane curve. As above, we can find a family of projections
0 (y) for each t ∈ C, |t| < ε for some point y ∈ P 1 such that the deformation h t of h 0 does not come from automorphisms of P 1 and each h t is unramified at h
be the product
Then {f t , t ∈ C, |t| < ε} is a deformation of f 0 , which does not come from automorphisms of P 1 × P 1 and satisfies
where r is the degree of C. Let M be the blow-up of C × P 1 at s 1 , . . . , s r and S be the blowup of P 1 × P 1 at z. Then f t induces a surjective holomorphic map ψ t : M → S. But it is well known that S is biholomorphic to the blow-up of P 2 at two distinct points [2, 4.3] . Thus the family {ψ t , t ∈ C, |t| < ε} defines a deformation of the holomorphic map ψ 0 which does not come from automorphisms of S. Remark 2.3. -It is natural to ask whether there is a version of Main Theorem when S is a successive blow-up of P 2 with the blow-up centers possibly lying on the exceptional divisor of the previous blow-up. For example, one may ask whether an analog of Main Theorem holds if we take sufficiently many successive blow-ups of P 2 . This is not the case. Example 2.2 can be modified to give an example of deformations of holomorphic maps which does not come from automorphisms of S, for S obtained after an arbitrary large number of successive blow-ups of P 2 . In Example 2.2, pick > 0 distinct points Z := {z 1 , . . . , z } ⊂ {y} × P 1 . Let M be the blow-up of C × P 1 at f −1 t (Z) and S be the blow-up of P 1 × P 1 at Z. Then we get a family of surjective holomorphic maps ψ t : M → S which does not come from automorphism of the target. In this case, the image in P 2 of the exceptional divisors of the successive blow-ups S → P 2 has cardinality 2. Note that if the image in P 2 of the exceptional divisors of the successive blow-ups S → P 2 has cardinality 3, then we can apply Main Theorem to conclude that all deformations of surjective holomorphic maps to S come from automorphisms of S.
Infinitesimal automorphisms of a web
Let U be a 2-dimensional complex manifold and PT (U ) be the projectivization of its holomorphic tangent bundle. Recall that a web on U is a submanifold W ⊂ PT (U ) with finitely many connected components each of which is biholomorphic to U by the natural projection
If d is the number of the components of W , we say that W is a d-web.
Given an open subset V ⊂ U , the restriction of W to V defines a web on V , which we denote by W | V . Also given an unramified holomorphic map ψ : U → U , the natural pull-back of W by dψ : PT (U ) → PT (U ) is a web on U , which we denote by ψ −1 W and call the pull-back web
on a complex manifold U and a web W ⊂ PT (U ) on another complex manifold U are equivalent if there exists a biholomorphic map ψ : U → U such that ψ −1 W = W . Given a web W on U , a holomorphic vector field v on U is an infinitesimal automorphism of W if for any relatively compact domain U 0 ⊂ U , the 1-parameter family of biholomorphic maps generated by v 
By Proposition 3.1, this should be proportional to (x − a)
Since the right-hand side of ( †) depends only on y while the left hand side depends only on x, this must be a constant. Thus
yielding the ordinary differential equation
Under the change of variable x − a = e t , the equation becomes
giving the solution
for some constants c 1 , c 2 ∈ C. Similarly, the equation 
Then W has no non-zero infinitesimal automorphism.
Proof. -W has two sub-webs W 1 and W 2 , W 1 defined by
and W 2 defined by
By Propositions 3.2 and 3.4, an infinitesimal automorphism f (x)
∂ ∂x + g(y)
∂ ∂y must satisfy 
Proof. -An easy computation using Proposition 3.1 shows that 
Proof. -As in the proof of Proposition 3.5, Proposition 3.2 shows that f and g must be of the form appearing in both Propositions 3.4 and 3.6, from which the result is clear. 2
Web of fibrations on smooth projective surfaces
For our purpose, it will be convenient to introduce the notion of a 'web of fibrations'. Let S be a smooth projective surface. Suppose we are given 
. , W d are d distinct (reduced) subvarieties of PT (S). Let
A subvariety W ⊂ PT (X) with finitely many irreducible components is called a web of fibrations on S if it arises from a collection of surjective proper holomorphic maps {f i : U i → C i } as explained above. Strictly speaking, this is not a web in the sense of Section 3. However there is a canonical way of associating a web to a web of fibrations. In fact, given a web of fibrations W , there exists a unique maximal Zariski dense open subset in S, denoted by Dom(W ), over which W defines a web.
Example 4.1. -Let P 1 , . . . , P d be d distinct points on P 2 . Let π : S → P 2 be the blow-up of the d points and let E i ⊂ S be the exceptional curve over P i . We can identify E i with PT Pi (P 2 ) in a canonical manner. Under this identification, let Q ij , j = i, be the point on E i corresponding to the tangent vector of the line L ij joining P i to P j . LetL ij be the strict transform of L ij to S. For a fixed choice of i = 1, . . . , d, let U i be the open subset of S defined by
Then the pencil of lines passing through P i defines a P 1 -bundle
The web of fibrations defined by {f i , 1 i d} on S will be called the canonical d-web on S. For the next proposition, let us recall the Kodaira-Spencer class of deformations of holomorphic maps (see e.g. [4] ). Let ψ t : S → S, t ∈ C, |t| < ε be a deformation of a surjective holomorphic map ψ 0 between two compact complex manifolds. Then we can define the derivative at t o , |t o | < ε,
. τ to is called the Kodaira-Spencer class of the deformation ψ t at t = t o . In other words, H 0 (S , ψ * to T (S)) is the space of infinitesimal deformations of ψ to . We know that H 0 (S, T (S)) is the space of infinitesimal automorphisms of S. Thus if
for any surjective holomorphic map ψ : S → S, then all deformations of surjective holomorphic maps from S to S come from automorphisms of S. When ψ : S → S is a generically finite holomorphic map, we can regard elements of H 0 (S , ψ * T (S)) as multi-valued holomorphic vector fields on S. The next result says that Proposition 4.4 can be generalized to multi-valued holomorphic vector fields on S, as long as they arise as Kodaira-Spencer classes of deformations of holomorphic maps. 
is biholomorphic for each |t| < ε. Then τ 0 |V , regarded as a holomorphic vector field on ψ 0 (V ), is an infinitesimal automorphism of the web W | ψ0(V ) .
Proof. -By Proposition 4.3, we have a family of webs of fibrations ψ −1 t W parametrized by t. By Proposition 4.2, they must be identical. Thus
This implies the proposition. Consider the inhomogeneous coordinate
The web W on Dom(W ) is equivalent to the web in Proposition 3. The web W on Dom(W ) is equivalent to a web which has a sub-web equivalent to the 4-web appeared in Proposition 3.7 in terms of the inhomogeneous coordinate system chosen in the proof of Proposition 5.3. Proposition 3.7 implies that there can be at most 1-dimensional family of local infinitesimal automorphisms of W . Since dim H 0 (S, T (S)) = 1, they must be those coming from global holomorphic vector fields. (Case 3) We can choose a homogeneous coordinate system such that 
Blow-up at three non-collinear points
From Section 5, to finish the proof of Main Theorem, it suffices to consider the case when S is the blow-up of three non-collinear points in P 2 .
Let P 1 , P 2 , P 3 be three non-collinear points in P 2 and π : S → P 2 be the blow-up at these three points. It is easy to check that dim H 0 (S, T (S)) = 2. Arguing as in the proofs of Propositions 5.3 and 5.4, the canonical 3-web W on S corresponds to the 3-web appeared in Proposition 3.4. By Proposition 3.4, the dimension of the space of infinitesimal automorphisms of W restricted to a domain is 3. It follows that Liouville theorem does not hold for this web. So there is an extra infinitesimal automorphism which does not come from global vector fields on S.
Still, it is possible to prove Main Theorem as follows using the fact that the local infinitesimal automorphisms cannot have finite monodromy.
Proof of Main Theorem. -By Proposition 5.2, we can assume that S is a smooth projective surface. For a generically surjective holomorphic map ψ : S → S, the Kodaira-Spencer class τ of any deformation of ψ defines a multi-valued holomorphic vector field on S which is locally an infinitesimal automorphism of W by Proposition 4.5. Note that τ has finitely many multivalues with the number of different values bounded by the degree of the map ψ. But since W is equivalent to the web appeared in Proposition 3.4, if a multi-valued vector field is locally an infinitesimal automorphism of W , either it is univalent or it has infinitely many multi-values, depending on whether the coefficient c 2 in Proposition 3.4 vanishes or not. Thus τ must be a univalent holomorphic vector field on S. It follows that any deformation of ψ comes from automorphisms of S. This finishes the proof of Main Theorem. 2
